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THE EFFECTS OF CROSS-SECTIONAL ELONGATION 
ON TRAPPED ELECTRON MODES 

I.  INTRODUCTION 

Recently it has been shown1 that the toroidal drift of 

trapped electrons can have a large destabilizing effect on 

the dissipative trapped electron mode. This is particularly 

true for high temperature regimes where the dissipation due 

to scattering of the trapped electrons becomes small. The 

destabilization may be viewed as resulting from a wave-particle 

resonance occuring when the toroidal component of the wave 

phase velocity is equal to the trapped particle toroidal 

drift. On the other hand, Glaaser et al.2 have shown that the 

cross-sectional elongation of a tokamak can slow down or re- 

verse the toroidal trapped particle drift. Here we formulate 

and evaluate the relevant dispersion relation to study these 

effects. 

Note:   Manuscript submitted September 16, 1977. 
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II.  COORDINATES 

To begin, it is necessary to define the coordinate system. 

Let If  denote the poloidal magnetic flux function, such that 

surfaces of constant ty  are magnetic flux surfaces, and 

dty - RBQdl , where BQ is the poloidal component of B, R is the 

tokamak major radius coordinate, and dl. is a differential 

length perpendicular to the flux surface. Also let 0 be a 

coordinate denoting the poloidal position on a flux surface. 

We define e by d9 - B? [q(*)RBe(e)]"
1dle, where B^ is the 

toroidal component of B, dlQ is a differential length along 

the line of constant 4> in the poloidal plane, q(ty) * (2H)~ 

/ Bc<
BeR) dla» *&&  the subscript c on the integral symbol 

c     -. 
denotes integration over one circuit around the flux surface. 

Note that RB is constant on a flux surface.  We assume that 

the mode is localized to a mode rational surface q(<|>) • m/n, 

where m and n are integers. 

III.  DISPERSION RELATION 

We now turn to the formulation of the dispersion re- 

lation.  We assume that the wave is purely electrostatic and 

neglect effects nonlocal in \p  (a treatment of shear stabiliza- 

tion in non-circular cross-section appears in Ref. 3).  The 

perturbed distribution function F. for species j is given by 

the linearized Vlasov equation, 
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y)+ r vj? sjöfc*)- &) - sj w-fc»; (1) 

where • Is the perturbed electrostatic potential, B is the 

equilibrium magnetic field, and F° the equilibrium distribution 

function, is given by 

In Eq. (2), FT is the Maxwellian distribution function, 

vj 5 (CTj/nij)* , l^"1 2 - din n0/d¥, nj = [d£n Tj/dfJ/Cdtn nQ/d¥] , 

and T., n are, respectively, the temperature and unperturbed 

electron or ion density. 

Since we expect the wave electric field to be nearly per- 

pendicular to B, we express the pertarba";'. xa.  in the form 

•• • <K9) exp(im0 - üa i«t) (3) 

where we expect <P(9) to be a sl^\ function of 9 compared with 

the variation in the exponential part of Eq. (3).  Since we 

employ the local approximation, any Y dependence of * is 

neglected by Eq. (3). 

a.  Ion Response 

To evaluate the ion density response, we substitute Eqs. (2) 

and (3) into Eq. (1) and integrate along unperturbed particle 

orbits, 

-""•"- 
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•/!.**'$[e<t'>] 
ime(t') - in;(t') - i«t' (4) 

where <^ = n^c/eH^ , T 5 Te/Ti, and e - |e| is the electron 

charge.  In Eq. (4) we write the ion orbit a« 

C(t») a c + vM R"
1(f - t), (5) 

6(f) »9 + v(J (Bq)"
1(f - t) + 9 (6) 

9j.*vxBc(qRair
1 IB"1^1) Sinjß^t'-t) + B]- B^dOslnsJ,     (7) 

where  6 is the angle of v, with respect to the direction perpen- 

dicular to the flux surface,  fii is the ion cyclotron frequency, 
2   2 and we have assumed that B„ >>Ba and a large aspect ratio so 

that ß^ and B are approximately constant on a flux surface. 

Also we have assumed the scale length for changes in B perpen- 

dicular to a flux surface is long compared to an ion Larraor 

radius.  Putting these orbits into Eq. (4) and making use of 

the identity exp(iY «in a) *T* J (Y)*?xp(inoO, 
n»-oo 

whore J is Bosse! function of order n,  we obtain for w«n. , 
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tme-inc 

(8) 

Note that the argument of the first Bessel function and $ are to 

be evaluated following the orbit while the argument of the second 

Bessel function is evaluated at the Eulerian position. Since 

both • and JQ &re not rapid functions of 6 we may neglect e in 

6(f) appearing in Eq. (8). To evaluate the ion density we 

integrate Eq. (8) over all velocities.  Interchanging the order 

of the t' and v integrations yields 

4  t • /•  exp(-y,f / Vl
2) tt       „iut. 

ijX4 -A       ,-   im9 * i0^ I AT,       1  / 

nQ    fj   *¥J        J _„"      i      J - 
dt'e 

$ (•••) JL + ."jt(i . iq + n. JJ )1 H(a.a') + W*nl 0(a,a,)[ . 

where 

H(o,o') 2 exp f-(a2+ a'2)/4j I0(ao'/2)  , 

G(o.a') I exp [-(a?* a,2)/4] [oa'^(oo'/Z) 

- (a2 • a'2) Io(aaV/2)/2] , 

__-— ^ 
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8'   5  8(t')s9  +   (t'-tW    /Rq     , 

a £  nBcvi/Rai Be(6) <»> 

and o'   5 nB;vi/Rfli B6(0») 

In obtaining the above, we have done the v    integration by making 

use of the integral 

^xdx exp(-p2jc2)J0(ox)J0(Bx)=(2p2)"1e3cp[.(a2+ B2)/4p21 

I0(aB/2p2>. 

In order to do the remaining integrations, we expand j, G, and H 

in Fourier series 

f(e») -£ a
0 exp(ipe-) (10) 

G(a,o') -£     g        exp(ise + is'S') 
s,s'     s,s* 

H(a.a')  •£    os s»   exp(is9 + is*8') 
s,s .    s,s 

where 

,2ir 2ir 
gss' 

and hss« 

-2 /* /• 
(2ir)   Je deX de' G<a.«') «n>(- ise-is'9') 

2 >• 2ir    - 2ir 
(2ir)"y0   dey    dB'  H(a,a')  exp(-ise-is'8'). 
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The t1 integration is now easily done.  Finally the v  integration 
if 

may be expressed in terms of the plasma dispersion function Z(5), 

2(C) ••y- dx exp(-x2)/(x-5) 
The result for 6n.,/nÄ is l' o 

5n, 
Y  exp(im6-inC-iut)£  ap, Mpp, exp(ip8) (ID 

P.P" 

where 

Mpp. = 6pp- + i E 17« + "*   - nlMh     .  + ^ «3 p-»«-.lw«> wslA  7" TtV s'p"p 8  2T       J 

+ "i!l h9.B.D.-8 52[l + 52(C)], s,p-p'-s (12) 

£ = ojRq/(p-s)vi and <S  , is the Kronecker delta. Equation (11) 

is our final result for the ion density perturbation.  It can 

be shown that for circular cross section tokamaks (i.e., Ba is 

indeoendent of 9), J*  reduces to previous results while H  , oo - pp' 

(P 5* P') vanishes. 

b. Electron Response 

The electron density response is 

<5n e $i -1 ******** J** (•*.)*i<*M> 
e  xe Jr    *" ü)-ud(X,v)+iveff(v) , 
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where = .-1. u*e s ** d-f\ +T1ev /ve )• ^eff 5 e-Ave(v8/v) 

is the effective collision frequency for trapped electrons, e is 

the inverse aspect ratio (e s 1-IL... /IJ _) ,vÄ is the electron mxn max  e 
collision deflection frequency,  L, denotes the velocity space 

integral over the trapped electrons, angle brackets denote bounce 
-1 -1 4, average, i.e. <*(8)> - T^^dl^B/B^V1 $(e), Tb s y"dle(B/Be) vff

3^ 

i       12 —1 
v  « v(l-XB)*, X s y(^m v )  specifies the velocity pitch angle 

of an electron, u is the magnetic moment, f  denotes integration 

over the electron bounce orbit whose limits are defined by XB - 1, 

J = §v    (B/Bg) dig is the longitudinal adiabatic invariant, and 

-1. UjjC^.v) = nm c(ex. )  3J/3* 

Again using the expansion in Eq.(lO), we obtain 

(13) 

15*3 

6n 
--^ - %r  exp(im8-in;-iut)5]  a ,N  , exp(ipS) 
u~   xe PiP' 

where 

N • 0   i 
PP'  pp' 

,  -2ir -ipe^ 3  (o)-oi#e)Fj <exp(ip'8)> ' (14) 

I ..  4 

8 

• Ml 
• warn 



I„.l, .„.,,1.111, I ,..,   i,„I,      IH.II.II..JI.WI1.I.—'••'••II  ••»'•••»• ——-. 

i 

c.  Dispersion Relation 

Applying the quasi-neutrality condition we obtain the matrix 

equation 

p' 

TV(u) + %. <"» v -o. (15) 

The dispersion relation is 

det [TMPP,(UO + Npp, (o»)J - 0. (16) 

Once at is obtained from (16) thepoloidal node structure can be 

found from (15). Of course, in practice, one must do thin by 

truncating the infinite matrix to a finite matrix. This program 

has been carried out for a specific model equilibrium (described 

in Sec. IV) and the results are reported in Sec. V. 

•> 



IV. EQUILIBRIUM 

To evaluate the various quantities involved in the dis- 

persion relation and, in particular, the toroidal drift frequency 

Uj, we first establish a solution to the magnetohydrodynamic 

equilibrium equation: 

U2   ***  t?) 7 41TR2 |y p - | k (RBC)
2, (17) 

where z is the vertical coordinate normal to the toroidal plane 

and p is the plasma pressure. Following Reference 2, we specialize 

to a particular analytical model equilibrium, namely, an 

equilibrium in when the magnetic surfaces are nested ellipses 

of the same ellipticity, tc, and the to-old*1 current density 

is constant (i.e., the right hand side of Eq. (17) is constant. 

Letting x - R-RQ « R., Eq. (17) reduces to 

(&•&)• 
constant, (18) 

Equation (18) yields the solution 

'.;i 

H>  - <BQp*/2q, (19) 

where x - p cos 6 and z • icp sin©, B is the magnetic field at 

p • 0 and q is constant.  It is easy to show that the coordinate 6 

10 
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defined in Sec. Ill is the same as the elliptical parameter 9 

defined above. 

The bounce period Tb and the longitudinal adiabatic 

invariant J can now be written: 

de RB(l-XB)-*, 

J - qvBQ <f d9 RB(l-XB)*, 

(20) 

(21) 

where R»R0 + p cosö, B*BQ J 1 - e cosS + e
2cos28 

+ | e2q~ [l + (<2-l) cos26M , and e s p/RQ. 

The reflection positions (i.e., the points where v  -0), e , 

for a trapped particle with pitch angle variable X is determined 

by the equation 

XB(9C) - 1. (22) 

2     ' —2 
If < is sufficiently large such that 2e * (< -1) eq >1, 

the trapped particles will assume two types of orbit: 

(i) If XB(9 « 0)<1, Eq. (22) allows only one positive 

solution for 9  (<TT), hence the trapped particles bounce between 
C 

-9 and e , as in the case of circular cross section tokamaks. 

11 
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(ii)  If XB(6 - 0)>1, Eq. (19) allows two positiv« 

solutions, e£ ) and e£  , and the trapped particles will bounce 

between e^15 and e£2), or between -ei1) and -e£-'. c        c ** 

Substituting Eqs. (19)-(22) into Eq.(13) and expanding 

in terns of e, we obtain 

d      5- a (X,q,e) 
eB p 

• 

where 

h(X,q,e) s - f*e X1/Xa 

XX s 1 ABoqie~1<-cq"1oo«0 + 2e2cos26 + e2<T2 [n.(r2-l)co*2e]j 

- c2ic"1q"1(l-XB)  [l •  (K2-l)cos2e ] j l*|e2q"2Jn»(ic2-l)co«2e I 
X2 S (1-XB)* ji4eV2 [1 *(.c2-l)c6s2e]J. 

1+1 e2q"2 [l * (K2-l)cos2e] j (1-XB)"*. X3 5 

Figure 1 shows h as a function of XB . ' for q • 2, 

e • 0.25, and several values off K, where B . is the minimum 

magnetic field on the flux surface e - 0.25. Note that for 

K> 3.5, all trapped electrons have negative toroidal drift. 

12 
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V.        RESULTS 

As shown in Eq. (16), the full dispersion relation is the 

determinant of an infinite matrix, each element of which is 

an infinite sum resulting from the ion orbits. This together 

with the fact that the growth rate y is generally comparable to 

the frequency u>r renders the usual perturbation techniques 

useless for obtaining an approximate analytical solution of 

Eq. (16). We have therefore numerically evaluated Eq. (16) 

for the model equilibrium of Sec. IV. The infinite sum in U ,. 

[Eq. (12)] is evaluated by including as many terms as needed. 

Excellent convergence is always obtained by truncating the sum 

at |S|<10. Finally the determinant is truncated at the point 

of convergence (typically a 7x7 matrix is sufficient) and evaluated. 

Two checks have been made to insure that the mode with maximum 

growth rate has not been left out. First, the Nyquist technique 

was used to monitor the number of roots. Secondly, in the limit 

of low mode number a<<l, see Eq. (9)1, the matrix in Eq. (16) 

is essentially diagonal and the root reduces to the root of 

the first diagonal element as expected. Since y<<u    in this 

limit, the numerical value of the root can also'be checked against 

approximate analytical expressions. 

In what follows, we assume a hydrogen plasma with T# • T 

',i « 1, £ 5 0/Ro « 0.25, q » 2, and 2eff • 2. The density 

scale length L = -n (dn_/dp)  is specified as L 0.2R, 

The parameters B., nn,  and T. can be scaled out of Eq. (16), if 

13 
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we normalize w, um,  and \>ef f with respect to the electron bounce 

frequency (<»>be) and treat v# (= v0ff/wb#) and nqPj^/P as 

variable parameters, where P±  - Vim4c/«B0 
and a is the toroidal 

mode number. However, to be specific, we let BQ - 45 kG, 

13   -3 D
e - 5x10  cm  and treat Te and n as variable parameters 

instead.  (The data so obtained can be converted into 

the more general representation as described aoove.) fith these 

parameters specified, we now solve Eq. (16) for • (• » + iy), 

varying the parameters *.,  Te, and 
n. Figure 2 shows plots of 

the growth rate maximized over mode number versus electron 

temperature for several different values of *. Figures 3a and b, 

which display wr and yua function of n for T0 • TA - 3 keV, 

are typical dispersion curves. From Fig. 2, we note that for 

K • 2, 3, and 4, the maximum growth rates are reduced by factors 

of 0.8, 0.6, and 0.4, respectively, as compared to the circular 

case (< - 1), and this is approximately independent of electron 

temperature. Although these growth reductions are modest, 

they may still be significant since they imply that the amount 

of shear necessary to stabilize the mode is correspondingly re- 
g 

duced.  Furthermore, Fig. 3b shows that the mode number for 

which Y peaks increases as the elliptic!ty increases. This 

might be significant if, as is sometimes argued (e.g. turbulent 
2 

diffusion t Y/k ), the short wavelength modes are less dangerous 

than the long wavelength modes. We note that although the 

electron toroidal drift has been reversed for all electrons 

14 
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for tc • 4, there is still no dramatic stabilization of the 

mode. This might be because for < • 4 there exist modes 

with reversed toridal phase velocity (cf. Fig. 3 which shows 

a region of negative u> for n > 290.) 

7 
It is interesting to note that some equilibrium studies 

show that even if the elongation of the plasma boundary is 

modest, the interior magnetic surfaces can become very elongated. 

One of us (SRC) would like to thank Dr. A. T. Drobot, 

Dr. I Haber, Dr. W. E. Robbs, and Dr. V. Jones for helpful 

discussions on the numerical aspect of the problem. This work 

was supported by the U.S. Energy Research and Development 

Administration. 
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Fig. 2 — 7max (growth rate maximized over mode number) versus Te for 
different values of K. Parameters for this figure are: B0 - 45 kG, e « 0.25, 
L„/R0 - 0.2, q - 2, n0 - 5 X lO^cm"3, Z,ff - 2, and n. - r?, - I. 
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